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FINITE-NUCLEAR-DIMENSION CASE. 
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Abstract. UfFe Haagerup proved that quasitraces on unital exact C*-algebras are traces. We give 
a short proof under the stronger hypothesis of locally finite nuclear dimension; our result generalizes 
^3 ■ to the case of lower semicontinuous extended quasitraces on nonunital C*-algebras. 

Cn ' Uffe Haagerup a demontre qu'une quasi-trace sur une C*-algebre exacte a element unite est 

■^-^ , une trace. Nous donnons une courte demonstration sous I'hypothese plus forte de dimension 

^^ • nucleaire localement finie; ce resultat se generalise jusqu'au cas d'une quasi-trace etendue semi- 

'^^ ' continue inferieurement sur une C*-algebre sans element unite. 

00 ' 
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In 1991 Uffe Haagerup distributed a hand written manuscript [3] containing a proof of the following 
.^ , theorem: Every quasitrace on a unital, exact C*-algebra is a trace. We will give a very short proof 
^^ ' for quasitraces on (not necessarily unital) C*-algebras with locally finite nuclear dimension (in the 

sense of [9]), a case that covers all simple C*-algebras that have been classified by their Elliott 

invariants so far; in fact, at this point we do not know any example of a nuclear C*-algebra which 
J5 ' does not have locally finite nuclear dimension. We generalize this result to lower semicontinuous 

extended quasitraces on C*-algebras with locally finite nuclear dimension. 

Our first three lemmas are well known, but we isolate them for convenience. The proof of the 
CN ■ first one reduces to the fact that a quasitrace on a full matrix algebra must take the same value 
^ [ on all minimal projections (since they're all Murray- von Neumann equivalent). In the following, A 
pg ' and B are C*-algebras, not necessarily unital. 

(N ■ 

^vq . Lemma 1. Quasitraces on finite- dimensional C* -algebras are traces. 

|0 \ Lemma 2. If ip: A ^ B is a completely positive order zero map (cf. [8]) and t is a trace (resp. 
^— V ' quasitrace) on B, then t o ip is a trace (resp. quasitrace) on A. 

Proof. This is Corollary 3.4 in [8]. D 



^ 






Lemma 3. Let t be a quasitrace on A and assume there is a trace t' on A such that t < t' (i.e., 
t{x) < t'{x) for all x € A-^.). Then t is a trace. 

Proof. This follows from Corollaries II. 1.9 and II. 2. 4 in [1]. D 

Here is the main result. 

Theorem 4. // A has nuclear dimension n, then every quasitrace t on A is a trace. 
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In this note, "trace" means a positive, linear functional satisfying the trace condition T(ab) = r(6a) and "qu- 
asitrace" is synonymous with "2-quasitrace" as defined in [1] (in particular, a quasitrace is finite everywhere). We 
use the term "extended trace" (or "extended quasitrace" , respectively) when the value +oo is allowed on the positve 



cone. 
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In fact, the first published proof. In [4], it is shown that every state on Ko(^) arises from a tracial state, when A 
is unital and exact. In [5] it is shown that every simple, stably projectionless, exact C*-algebra has a densely defined 
trace. And [2] shows that every quasitrace on a non-unital exact C*-algebra is a trace, via reduction to Haagerup's 
unpublished paper [3]. None of this published work covers our result. 
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Proof. By Lemma 3, it suffices to show the existence of a trace r' on A such that t < t' . 

According to [9, Proposition 3.2] we can find nets of completely positive maps ip\: A ^ 0"^o-^a 
and (p\: ©"^qF^ -^ A such that each F^ is finite dimensional; ||a — c/3aoV'a(o)|| — )■ for all a G A; 
if^ := (px\ (i) is contractive with order zero for all i, X; HV'aII ^ 1 for all A; and the induced map 

has order zero. 

Since each (p^ has order zero, r o c^^*-^ is a trace on Fj^ (combine Lemmas 1 and 2). Since r 

is bounded [1, Corollary n.2.3], sup;s^ ||r o ip\ \\ < oo and hence, for each free ultrafilter u on the 

(i) 

index set A, we get a trace (r o cpy)^ on 



OA^^f 



A 



©A^^f 



(i) 

by taking the limit of the t o (f\^'^s along u>. Letting 



A: A 



©A^^f 



A 

be the induced order-zero map, the composition (r o (pj^)uj o tpi is a trace on A. 

The final fact we need is "2-subadditivity" of quasitraces, i.e., the fact that t{x + y) < 2(r(x) + 
r(y)) for all x, y G A^ (see [1, Corollary n.2.5]). An induction argument shows the (far from sharp) 
inequality t(^q Xj) < 2"^q r(xi) for positive Xj, so the following completes the proof: 

r(x) = limr(v9A oV'a(x)) 

n 

<2"J]limr(^«o^«(x)) 

i=0 
n 

i=0 

n 

Since quasitraces are norm-continuous [1, Corollary n.2.5], the following generalization is easily 
deduced. 

Corollary 5. If A has locally finite nuclear dimension (i.e., every finite set is nearly contained in 
a subalgebra that has finite nuclear dimension), then every quasitrace on A is a trace. 

We are indebted to George Elliott for drawing our attention to the question whether the preceding 
results generalize to extended quasitraces. The answer is affirmative in the lower semicontinuous 
case. 

Theorem 6. // A has locally finite nuclear dimension, then every lower semicontinuous extended 
quasitrace t on A is an extended trace. 

Proof. Let us first assume that A has finite nuclear dimension. 

It will suffice to show that T{a + 6) = T{a) + r(6) for all a,b a A^ for which T{a) and r(6) are 
both finite. 
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Observe that a + 6 is Cuntz subequivalent to a © 6 in the sense of [1]. By [7, Proposition 2.4], 
for any e > there are 6 > and x G M2^i{A) such that [a + b — e)+ = x*((a — S)+ © (6 — S)+)x. 
By [1] this impHes that 

dr{{a + b-e)+) < dr{{a - 6)+ e {b - S)+) 

= driia - 6)+) + driib - 6)+) 

< l(r(a) + T(6)) 

< oo, 

where d^ denotes the lower semicontinuous dimension function associated with r. 



Again by [1] for any positive contraction c (^ B^ := ((a + b — 2e)_|_)^((a + b — 2e)+) C A we have 
t{c) < dT-((a + 6 — e)+) < oo, whence r restricts to a (bounded) quasitrace r^ on B^. Since B^ has 
finite nuclear dimension by [9, Proposition 2.5], we see from Theorem 4 that every r^ is in fact a 
trace on B^. 

Let he £ Co(0, 1] be the positive function which is on (0, 2e], 1 on [3e, 1], and linear on [2e, 3e], 
and set d^ := /ie(a + b) £ A; note that the d^ form an approximate unit for (a + b)A{a + b) C A 
and that B^ = d^Ad^- By lower semicontinuity of r, and since each r^ is a trace on B^, we have 

T(a + b) = liuiTidJa + b)df.) 
= lim Te{de{a + b)df.) 
= lim rJdeade) + lim TJdJ}de) 

e->0 e-S-0 

= lim Tid^adf:) + lim ridf^bde) 

e-i-O e—>-0 

= T{a) + T{b), 

as desired. 

Next, suppose yl has only locally finite nuclear dimension, and let a, 6 G ^ be positive contrac- 
tions. Suppose first that T{a), T(b), dr{a), drib) are all finite, say bounded by some K > 1. 

Let rj > and choose < e < ij/SK such that 

T{{a + b- 4e)+) > T{a + 6) - r/, T{{a - 2e)+) > T{a) - i] and r((6 - 2e)+) > r(6) - ry; 

this is possible by lower semicontinuity of r. Since A has locally finite nuclear dimension, there are 
a C*-subalgebra B C A with finite nuclear dimension and positive contractions a', b' £ B such that 

\\a' - a\\, \\b' - b\\ < e. 

From [6, Lemma 2.2] we see that there are contractions x, y, z, r,s,v,w £ A such that 

(a' — e)_|_ = x*ax, {b' — e)+ = y*6y, (a' + b' — 2e)+ = z*{a + b)z, 

(a - 2e)+ = r*{a' - e)+r, {b - 2e)+ = s*{b' - e)s, {a + b - 4e)+ = v*{a' + b' - 2e)+t;, 
((a' - e)+ + (6' - e)+ - 4e)+ = u'*(a + b)w. 
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+ {h' 



4e)+) 



{a' - e)+ + (6' - e)+) - 4e • dr{{a' - e)+ + (6' - e) + ) 

(a' - e)+ + (6' - e)+) - 4e ■ (d,((a' - e)+) + d.((6' - e)+)) 

(a' - e)+ + {b' - e)+) - 4e • (d,(a) + d,(6)) 

(a' - e)+ + (6' - e)+) - ,? 

(a' + 6' - 2e)+) - 77 

(a + fe-4e) + ) -r/ 

a + b)- 2r/, 



which imphes 

|r(a + 6) - r((a' - e)+ + (6' - e)+)| < r?. 
Since t\b is an extended trace by the first part of the proof, we have 

T{{a' - eU + {b' - eh) = T{{a' - e)^) + T{{b' - 6)+). 



Moreover, we have 



and 



This yields 



r{a) > T{{a' - e) + ) > T{{a - 2e)+) > ria) - 7? 

r{b) > r{{b' - e)+) > t((6 - 2e)+) > t(6) - r?. 

|T((a' - e)+) + r((6' - e)+) - {T{a) + t(6))I < 7?, 



hence 



\T{a + b) -T{a) + t(6)| < 2ry. 
Since 77 > was arbitrary, we obtain 

T{a + b) = T{a)+T{b), 

at least if r(a), r(6), ^^-(a) and drib) are all finite. 

If we only assume T{a) and r(6) to be finite, then for any 77 > dr{{a — 77)+) and dr{{b — 77)+) 
will be finite, and by the preceding argument we have 

riia - 77)+ + (6 - r/)+) = rHa - r/)+) + t((6 - r/)+); 

by lower semicontinuity this yields 

T{a + b) = liniT((a-77)+ + (6-?7)+) = lini T((a - 77)+) + lini t((6 - 77)+) = T{a) + T{b). 

If T{a) and t(6) are not both finite, there is nothing to show, so we are done. D 
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